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SUMMARY

Different factors might affect the propagation of seismic waves producing scattering, includ-

ing heterogeneities and non-linear elasticity. A key difference between these two factors is the

dependence of the strength of the scattered waves on the strength of the incident wave, being

linear for the former and non-linear for the latter. A detailed study of the TIPTEQ data, where

about a hundred explosions were recorded on 180 three-component stations in the distance

range of approximately 0-100 km, shows that this dependenceis non-linear. Data were ana-

lyzed in the following way: (i) the envelope of bandpass filtered data between 10 and 40 Hz

was obtained for a large number of stations from different distance ranges and charge sizes of

shots, (ii) for these distances we modeled the envelope considering the non-linear elasticity.

The shapes of the theoretical and observed envelopes were ingeneral very similar. A scale

factor for each case was obtained considering the best fit of its complete envelope, and (iii)

since this scale factor depends mainly on the size of the explosion, we computed the ratio (R)

of the scale factor (sf ) for different sizes of explosions at the same distance. Finally, varying

the distance between 0 and 50 km, (iv) we computed the power (p) of the dependence of the

ratio (R) on the ratio of the charge sizes (R = ( sf1

sf2

) = ( charge1

charge2

)p). For the complete data set

we obtain a value ofp = 2.5± 0.9, which is clearly greater than 1. This shows that non-linear



2 Calisto et al.

elasticity is an important factor in the contribution to seismic wave scattering in the frequency

range of 10-40 Hz.
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1 INTRODUCTION

The principal contribution of scattering in coda waves was originally thought to be heterogeneities,

which are present in the crust. The coda wave is the most worthwhile to study when considering

scattering as it has the highest sensitivity to the changes in the media (Nikolaev, 1987). However,

since laboratory experiments show that a non-linear behavior of rocks exists close to the rupture

condition (Sholz, 1990) then the presence of heterogeneities would not be the only explanation for

the scattering in the envelope of seismic waves, and the effect of weak non-linearity of the elastic

medium produces comparable observations even when the medium is homogeneous (Bataille and

Calisto, 2008).

The interpretation of seismic results based on Hooke’s model fails to account for certain ob-

served effects (Lyakhovsky and Myasnikov, 1988) such as, for example, a special experimental

investigation which allowed the propagation of periodic seismic signals using seismic vibrators.

During this investigation strong non-linear effects that are caused by physical non-linearity of the

medium were observed (Nikolaev, 1988).

One can point out that, in general, how the amplitude of the scattered waves scales with the

seismic moment depends directly on the constitutive law of the media. For the non-linear process,

there is still no agreement upon the most appropriate form for the strain energy from the point of

view of physical principles and direct observations.

The derivation of the equations of motion for the displacement field depends on the expression

of the strain energy, which is not uniquely defined, since different forms have been proposed. For

instance, to third order in the strain tensor, was presentedby McCall (1994), and one for the strain

energy, depending up to fourth order on the strain tensor, byBataille and Calisto (2008). In the

latter work the theoretical strength of the scattered field for this special form of strain energy is

shown to be proportional to the amplitude of the incoming wave up to the third power, while for
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a heterogeneous medium it is proportional to the first power.Understanding the appropriate con-

stitutive law to be used for the crust, or the Earth in general, will depend strictly on observations.

This work is a first step in this direction.

By following this previous work we analyse the data for explosions with different initial am-

plitudes at different source-receiver distances, and showthe evidence that the non-linearity of the

elastic media contributes to the scattering of the seismic coda. We start with a brief summary of

the theory, secondly the modeling of the data, considering two different temporal functions, and

finally we finish by showing evidence for the non-linearity.

2 THEORY

We consider a general non-linear elastic constitutive relationship derived fromτ = ∂W
∂ε

, where

the elastic energy functionW (I1, I2, I3) depends only on the strain (ε) through its invariantsI1 =

Trace(ε), I2 = Trace(ε · ε) andI3 = Det(ε). Up to fourth order in terms of strain, the elastic

energy is

W (I1, I2, I3) = (aI2
1 + bI2 + cI4

1 + dI2
2 + eI2

1I2)/2 (1)

wherea andb relate to the Lamé constants, andc, d ande are non-linear parameters of the media,

describing the departure from Hooke’s law. The second orderterm of strain relates to the linear

elastic theory, while the third order is an odd function which we disregard because the energy

should be positive defined.

By using the constitutive equation in the equation of motionρüi = ∂jτij + fi, we obtain the

resultant elastodynamic equation,

ρüi − aεpp,i − bεij,j = fi + 6cεppεqqεkk,i + 2d {εpqεqpεij,j + 2εpqεqp,jεij} (2)

+e {εpqεqpεkk,i + εkkεllεij,j + 2εkkεpq,iεqp + 2εkkεll,jεij}

where analytical solutions for this equation are not possible.

Solutions can be found using the perturbation approach by assuming that the complete solution
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is close to the linear solution. The difference, depending weakly on the non-linearity, is thus

u = ul + unl ; unl ≪ ul

ε = εl + εnl ; εnl ≪ εl

Replacing these into the elastodynamic equation (2) we have

ρül
i − aεl

pp,i − bεl
ij,j = fi

ρünl
i − aεnl

pp,i − bεnl
ij,j = F nl

i (εl) + O
(

(εl)2εnl, εl(εnl)2, (εnl)3
)

(3)

The first equation of (3) is recognized as the linear elastodynamic equation wherea = λ andb = µ

are the Lamé constants. For the second equation of (3), we can neglectO compared toF nl up to

first order of the non-linearity, sinceεnl ≪ εl. Thus, to first order, the equation forunl becomes

the linear elastodynamic equation, where all non-linear terms are considered as equivalent forces

within a linearly homogeneous medium. The equivalent forceis given by,

F nl
i = 6cεl

ppε
l
qqε

l
kk,i + 2d

(

εl
klε

l
lkε

l
ij,j + 2εl

klε
l
lk,jε

l
ij

)

+e
(

εl
pqε

l
qpε

l
kk,i + εl

ppε
l
kkε

l
ij,j + 2εl

ppε
l
lkε

l
kl,i + 2εl

ppε
l
ijε

l
kk,j

)

(4)

This equivalent force represents the source of scattering due to non-linear elasticity.

To compare theory with observations, we have to compute the contribution to scattered waves

due to this effect. Since the observations used in this paperrelate to the active seismic experiment

TIPTEQ (Gross et al, 2008), where shots are chemical explosions, let us consider in our model an

explosion point source,fi = −∂iM , whereM is the scalar moment tensor. In this case, equation

(4) is reduced to

F nl
i =

(

6(c + d + e)

α

) (

1

4πα4r

)3

M̈α
2 ...
M

α
γi (5)

whereα is the P-wave velocity,γi = xi

|x|
, r = |x|, Mα = M(t − r

α
). The non-linear coefficient

6(c + d + e) we will denoteΛ.

We observe in equation (5) that the force is proportional to the moment (M) to the power of

3, which is different to the case of scattering due to heterogeneities (Aki & Richards, 2002), in

which case the power is 1. This difference should be observable, and will be used in this paper as

the main discriminant between scattering due to heterogeneities and non-linearity.
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When we compare this result with that for scattering due to heterogeneities of the medium

we see that the heterogeneities have a linear dependency on the seismic moment (
...
M(t)

r
) and the

non-linearities depend on the third power as

uobs ∝
M̈(t)2

...
M(t)

r3
(6)

Once the expression for the source of scattering is determined, the scattering solution for the

displacement is given by (Aki & Richards, 2002)

unl
i (x, t) =

∫ ∫

Gij(x, x′, t, t)F nl
j (x′, t′)dx′dt′ (7)

whereGij(x, x′, t, t) is the Green’s function.

3 MODELING SCATTERED WAVES

3.1 Envelope

To compute the envelope of scattered waves due to non-linearity of the media we use eq. (7) where

the integral over the space is treated as an integral over isochrons (the surface where the scattered

waves arrive at the same time). The scattered waves are givenby

unl
i (r, t) = Cp

∫

γiγjγ
′
j

|h||r′|3

[

M̈

(

t −
|r′|

α
−

|h|

α

)]2 ...
M

(

t −
|r′|

α
−

|h|

α

)

dV ′

+ Cs

∫

(γ′
i − γiγjγ

′
j)

|h||r′|3

[

M̈

(

t −
|r′|

α
−

|h|

β

)]2 ...
M

(

t −
|r′|

α
−

|h|

β

)

dV ′

with hi = ri − r′i and

Cp =

(

Λ

4πρα3

) (

1

4πρα4

)3

Cs =

(

Λ

4πρβ2

) (

1

4πρα4

)3

The simplest source time function is a Dirac delta, which simplifies computations. However, to

include the history of the source’s rupture and finiteness, it is convenient to use a finite source time

function, and for simplicity we use a Gaussian function. Both cases are shown in Figure (1). In

a) the comparison of both during the first 20 seconds is shown where it is not possible to see a

significant difference between them. In b) the first 3 secondsare shown where we can notice some
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Figure 1. a) Comparison between delta temporal function (green line)and convolution with Gaussian func-

tion (blue dotted line). b) Zoom in of a) on the first 3 seconds where there is the most difference between

the functions.

difference. Since this difference is small, we conclude that it is appropiated to use the Dirac delta

function as a source time function, and this will be used in the following computations.

Figure (2) shows the fit of the model to seismic coda waves using a Dirac delta as a temporal

function. The data were obtained from the TIPTEQ experiment(Gross et al, 2008), where the

source of the seismograms is an explosion located at 20 m depth. Every seismogram was filtered

with a bandpass filter between 10 and 40 Hz.

3.2 Scale

The scattered wave due to heterogeneities is linearly proportional to the moment and therefore to

the initial amplitude. In contrast, by considering non-linear elasticity the scattered wave depends

on the third power of the moment (see eq. (6)). To compare the model with data we have to scale

the model. We can express the observed wave as

uobs(x, t; q) = D unl(x, t; q) (8)

whereq is the charge of the explosion,unl is the model andD is a constant of proportionality. We

can write the model as

unl(x, t; q) = qp u(x, t) (9)
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Figure 2. Envelope seismograms filtered between 10 and 40 Hz. a) Shot FFID 81 of 75 kilograms at 47

m source-receiver distance. b) Shot FFID 37 of 75 kilograms at 2065 m source-receiver distance. c) Shot

FFID 31 of 100 kilograms at 7400 m source-receiver distance.d) Shot FFID 56 of 150 kilograms at 13980

m source-receiver distance

The powerp represents the linear or non-linear behavior depending on the value. Forp = 1 it

would be linear but if it is different to 1 we will have a non-linear behavior. Our special relationship

of strain energy hasp = 3 (eq. (5)).

We analyzed the data by calculating the envelope of bandpassfiltered data between 10 and 40

Hz of a large number of stations from different distance ranges and charge sizes of shots. Then we

consider the fit of the real data to the model and obtain a scalefactor (sf ) for each case, i.e,

sf = D qp (10)

To prove this non-linear behavior we use thesf to calculatep by comparing two shots with

different charge size at the same source-receiver distance. For example, for a shot with a charge of

75 kg we have by combining (8) and (9)

uobs = D 75p u75(x, t) (11)
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Figure 3. Envelope seismograms of two different shots (FFID 56 and 60)at 13.98 km source-receiver

distance, where a) are the originals, b) are normalized linearly and c) are normalized withp = 2.5.

and for a 150 kg shot

uobs = D 150p u150(x, t) (12)

Comparing (11) and (12) we obtain the ratioR as

R =

(

75

150

)p

=
sf75

sf150
(13)

As a result we have a big difference when we considerp = 1 and ap different from unity. This

is shown in Figure (3) where an example of non-linear dependence of the wave is observed with

respect to the initial amplitude. Figure (3a) shows the seismogram of two different shots, with

charge sizes of 75 and 150 kg respectively. Figure (3b) is theresult when we multiply the data

consideringp = 1. Finally, Figure (3c) shows the multiplication withp = 2.5. These two shots

were recorded at a distance of 13.98 km.

Using eq. (13) we can obtain from the data set, the variation of p as a function of source-

receiver distance, which is shown in Figure (4), where we cansee that the values ofp are different

to unity expected from linear behavior. The values ofp used in the figure are shown in the ap-
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Figure 4. Powerp as a function of the source-receiver distance for differentshots.

pendix (Table A1). Every point in this figure is an average value for each distance. We made the

calculations by analyzing over 150 seismograms obtaining around 70 values ofp

4 CONCLUSION

The powerp indicates whether the strength of scattered waves in the seismic coda is mainly due

to heterogeneities (p = 1), or to non-linear elasticity of the medium (p > 1). This study shows

that for different source-receiver distances, the scattering is due to non-linear elasticity, because

p = 2.5 ± 0.9 which differs significantly from the value of1 expected from heterogeneities.
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APPENDIX A:

The table presents the source-receiver distance for different shots with different charge sizes, which

charge sizes were compared and the value ofp obtained.



12 Calisto et al.

Table A1. List of source-receiver distances and charge sizes used to calculatep

Distance (km) Charges (kg) p Distance (km) Charges (kg) p

10.09 75,100 3.10 16.20 75,150 4.68

10.29 75,100 1.91 16.20 75,100 3.32

10.40 75,100 1.36 16.20 100,150 0.97

12.17 75,100 3.68 16.40 75,150 1.36

12.65 75,100 2.16 16.40 100,150 1.44

12.97 75,100 1.68 16.41 75,150 1.22

13.28 75,100 3.94 16.40 75,100 1.25

13.60 75,150 1.74 16.40 75,100 0.91

13.60 75,150 0.67 16.61 75,100 1.15

13.60 75,150 2.51 16.60 75,150 2.07

13.60 75,150 1.51 16.60 75,150 1.52

13.60 100,150 4.14 16.61 75,150 1.19

13.70 75,150 1.55 16.61 100,150 2.60

13.70 75,150 1.61 16.83 75,150 1.20

13.78 75,100 2.11 16.83 75,150 0.85

13.78 75,150 3.38 17.15 75,150 1.38

13.78 100,150 4.29 17.38 75,150 0.85

13.90 100,150 2.39 17.57 75,150 1.12

13.90 100,150 2.79 17.72 75,150 3.01

13.98 75,100 2.94 17.92 75,150 2.13

13.98 75,150 2.50 17.92 75,150 2.17

13.98 75,150 3.84 18.05 75,150 2.09

13.98 100,150 2.18 18.05 75,150 1.24

14.20 75,100 2.59 18.05 100,150 4.91

14.20 75,150 1.92 18.25 75,100 1.22

14.20 100,150 1.45 18.25 75,150 1.35

14.40 75,100 3.91 18.25 75,150 0.90


